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, , ^ Abstract. Let K he a number field, and JT — K{xi, . . . ,Xd) be the field of rational fractions in 

O .. the variables xi, . . . ,Xd- In this paper, we introduce two kinds of Laplace transform adapted to 

.^^ ' solutions of the J^ / K-diSerential modules with regular singularities, and give some of their basic 

, differential and arithmetic properties. The purpose of this article is to provide some tools which will 

V^ ■ be useful in the arithmetic study of jT/ii'-differential modules associated to i?-functions in several 

^^ variables. 

^ ■ 1. Introduction 

^ ■ 

-y ■ Let K he a number field, and J- = K{xi, . . . , Xd) be the field of rational fractions in the variables 

xi, . . . ,Xd- Let (M, V) be an ^/iC-differential module of finite rank /x > 1, i.e, M = !F^^ and 

V : M ^ M ®jr ^]p/^ is an integrable ^/if-connection. Assume that there exists a basis e of M 

CN I and matrices Gi, . . . ,Gd of M^(K[[j;i, . . . , Xd]]) such that 

^ ' fl 

O! V(xj-— )e = eGj , {i = l,...,d). 

TJ" I Such a differential module is called ^/i^-differential module with regular singularities. 

\^ \ By recursively iterating of shearing transformations (cf. jl| Proposition 2.3], [31 Lemma 4.3]) 



o 



with respect to each i, one may assume that the eigenvalues of each Gi{0) do not differ by nonzero 
integers. According to p[ Corollary p. 163], there exists matrix Y € GL^(i^[[xi, . . . ,Xd]]) (where K 
denotes the algebraic closure of K) such that 

Y~^x,^Y + Y-^G^Y = Gi(0), (i = 1 . . . , d). 

OXi 

The integrability of the connection V ensures that the matrices Gi(0), . . . , Gd{0) mutually commute. 



X 

and therefore, the matrix Yx^ ^ . . .x^ is solution of the system 
(1.1) Xi^X = GiX, {i = l,...,d). 

In the present paper, we introduce two kinds of Laplace transform C which extend the two 
Laplace transformations introduced respectively in ^, ^^ and in jlUj : 

1) the first one (called standard Laplace transform) applies to the entries of Yx^ . . .x^ , 

2) the second one (called formal Laplace transform) directly applies to the solution matrix 
I x^ ■ ■ -x^ 



1991 Mathematics Subject Classification. 12h25. 



2 SAID MANJRA 

These transformations are given under the assumption that all the eigenvalues of Gi (0), . . . , Grf(O) 
are non-integer numbers. The general case can be reduced to this case by tensorising the T jK- 
difFerential module (A^,V) with an one-dimensional .F/ii'-differential module associated to the 
system {{xid j dx.i)X = jiX} for a convenient d-tuple 7 = (71 ... , 7^) of Q"'. 

These transformations has properties of commutations with the derivations d/dxi {i = 1, . . . ,d) 
which extend those in one- variable case f H3.12() and ()4.13l) ). and therefore preserve the classic 
duality between the Laplace transform and the Fourier-Laplace transform. Moreover, for any 
r = (ri, . . . ,Tii) € {K \ {0}) , the formal transformation is adapted to have a duality with the 
generalized Fourier-Laplace transform Tr with respect to r (formula 1)4. l^f) ). defined as the K- 
automorphism of K[xi^ . . . , x^, d/dxi, . . . , d/dxd] determined by: 

Id d 

Tr{Xi) = 7^—, -^r(7^— ) = 7-j2;j, (z = 1, . . . , d). 

Ti dxi - dxi 

For r = (1,...,1), J^T is just the classical Fourier-Laplace transform. In this case, we write J- 
instead Tr_. 

The difference between the two transformations is that the standard one involves some transcen- 
dental values and applies to terms with logarithms, while the formal one is defined independently 
of such values and does not apply explicitly to terms with logarithms 1)4. 12() . 

Under the rationality condition of the eigenvalues of Gi(0), . . . , Grf(O), we prove for each of these 
transformations its arithmetic properties f Propositions IX^ and 1^^ . 

As an application, we show in §3.4 how the standard Laplace transform acts on arithmetic Gevrey 
series in several variables f Proposition 13. 6|) . 

The aim of this paper is to provide some tools which will be useful in the arithmetic study of 
the ^/iiT-differential module associated to an i?-function in several variables using the results of 
0, and [T]. 

2. Notations 

Let if be a number field and Sj be the set of all finite places v of K. For each u E Sj above a 
prime number p = p{v), we normalize the corresponding u-adic absolute value so that \p\y = p~^ 
and we put vr^ = |p|i, . We denote by Ky the u-adic completion of K. We also fix an 

embedding K ^^ C 

Let K{{xi, . . . , Xd)) be the field of formal laurent series in the variables xi, . . . , Xd, with d € N>i. 
Let denote x = (xi, . . . ,Xd), di = ^, for i = 1, . . . , d, 1 = (1, . . . , 1), let denote by a = (ai, . . . ,ad) 
the elements of N'^ and —a = (— ai, . . . , —ad)- For a, /3 € N*^ we put : 



■'d ' 



\a\= Y, «i' ^'= n «*'' x^ = xi' . ■ ■ x'^\ d^ = d^\..d^^ 

l<i<d l<i<d 

a< (3 <^=^ oci < I3i for all i = 1, . . . ,d, and ( "7 ) = IT { J ) fo^ a>p. 
a<P <^=^ <y_< 13 and ai < (3i for some i = 1, . . . , d. 
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For a power series / = J2am'' "a^" ^ ^ihWi we denote /(i) = J2aem o-aXT- G K[[^]]. If v € S/, 
we define the radius of convergence rt,(/) of / with respect to v as follows: 

r,(/)=(limsup|a«|yi^l)"\ 
Finally, for s € Z, we put 

3. Standard Laplace transform 

3.1 Review of the one-variable case. In 1 , Andre extended the classic Laplace-transform >C, 
in the formal way, to logarithmic solutions case in one- variable. Later, in [TJ, the author gave 
some arithmetic properties of £. In this paragraph, we recall the definition of C{h^^k) of the term 
h^^k '■= ^'''(logx)*^ where (7, fc) G (ir\Z<o,N) , and its arithmetic properties |11| 4] (the case 
(7, k) S (Z<0) N) is defined otherwise and has no interest in the definition of C in several variables 
as we will see in the next paragraph). 

Let us fix an embedding K of into C. Let 7 be an element of i^ \ Z such that 3fJe(7) > —1, let k 
and n be two nonnegative integers, and let h^^k denote the function defined by h^^k{x) = x'^(lnx)'^; 
X > 0. The standard Laplace transform of /i-y^fc, denoted C{h^^k)-, is given by 

(3.1) C{h,^k) = JZ C'y^'\l + ^)x-^-\-^f'\^ogxf-^, 

where, F") denotes the j*^-derivative of the Euler function F (cf. |111 (4.2)]). To extend the Laplace 
transform C of hj^k to any 7 € i^\Z, we have to introduce the functions F^^k,n (^D (4-8)]), defined 
for n G Z>o, by 

"■^ (— I)*" 2;'>'+"+^ ^ kH—l)^~^ 

^-^ m\(n — m)\ m + 'y + 1 ^-^ £!m + 7 + 1 r 

Andre observed that the function x'^~^^C{F^^k^n) is independent of the choice of n for n > — 3f?e(7) — 1 
(cf. j2 5.3.6]). According to this remark, the Laplace transform, defined just for 7 € X \ Z with 
3f?e(7) > —1 (see (|3.H) above), can be extended to any 7 € /f \ Z by putting 

(3.2) C{h^^k) = z"+'£(F^,fc,„), for n>-SRe(7)-l. 

Formally, with this definition, we find : 

k 

C{h,,u) = F(7 + 1) x-^-i Y. Pf, Oog^)' 

(3.3) ,t^ 

with pi'^) = (-l)^ pSG<F(7),...,FW(7)>Qr^l, j = 0,...,fc-l. 



Moreover, this transformation £ has the following formal properties (cf. jlll (4.10), (4.11)], ^ 
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(5.3.7), (5.3.8)]): 
(3.4) 



dx 



{C{h^^k)) =C{-xhy^k), and C{—h^^k) = xC{h^^k)- 



Notice that the second formula is not vahd for 7 G Z<o and /c = (see formula (4.11) of jllj). 

In addition, for each j = 0, . . . , A;, there exist sequences (?'i+„ ,• ) of elements of Q(7), with 
i = 0, . . . ,k, such that for any n G N 

k 



£=0 



(3.5) 

Moreover, for any place v of Sj, these sequences satisfy 



(3.6) 



lim sup 

n — >+oo 



j+n,j 



1/n 



< 1. 



According to the proof of Lemma 4.2 ^J, one observes that, for all < i,j < k and any n G N, 
we have: 



(3.7) 



r 






e(i' n :7^' 



l<j<?lt 



7 + mi 



1 < "T-j, rit < n, 1 < t < J ) • 



Remark 3.1. (i) With the same argument as that employed in the proof of Lemma 4.2 11_, one 
can prove that the properties above remain valid for n < 0, i.e, for each j = 0, . . . , fc, there exist 

of elements of Q(7), with i = 0, . . . ,k, such that for any n G N 



sequences [rl^^^j 



n>0 



(3.^ 



E^S^™ (-ith r\%=0 for i = 0, . . . ,j - 1). 



Ak) ^ ST Jk) Jk,e) 

£=0 



and, for any place f of Sj, these sequences satisfy 



(3.9) 



lim sup 

n — >+oo 






1/n 



< 1. 



Also, for any < i,j < k and any n G N we have: 

JM) ^A^ TT ^ 0<mi,nt<n, l<t<j 

\ -'■-'■ ^ — rrii 



(3.10) 



7-"J 



l<j<?it 



„(fc/) 



7 - mj 



(ii) If 7 G Q \ Z, the quantity r):^^^ ,• is a rational number and its denominator has an exponential 
growth in n. 

(iii) The formula ()3.3() shows that, for any (7, A;) G (Er\Z, N), C{hy^k) 7^ 0, and therefore, by ()3.4() . 
we have also ■^{C{hy^k))-^{xh^,k) 7^ 0. 
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On the other hand, by combining formulae (jSIHI), f^^^-^ and (|;i8j) . we find 

k k 

C{h,^n,k) = r(7 + n + f ) x-^-"-i Y. E P^i ^7+2.i (l°g ^)' 

j=0 £=0 

= (7)n+ir(7) x-^-""i ^ ^p(';) r(^4^. (logx)^ 
£(/.,_„,,) = r(7 - n + 1) x-^+"-i Y. E /'S ^™ (l°g "^y 

j=0 i=0 



(3.11) 



^ ^)" i=0 £=0 



where (7)„+i = 7(7 + 1) . . . (7 + n). 



3.2 Standard Laplace transform in several variables. Let 7 = (71,..., 7^) G K , k = 

{ki,...,kd) e N'^ and put 

(logx)^ = (logxi)^! . . . (logXrf)'=^ h^^k = xl(logx)^. 

In this paragraph, we will try to extend the Laplace transform defined in the previous paragraph 
to several variables while preserving the commutation with derivations in the following sense: 

(3.12) d^jO{h^,k)) =m-l)^^^x^h^,k), and jC{d^h^,k) = x^Cih^,k). 

Notice that these formulae require that for any 1 < i,j < d with i 7^ j, C{0) = C{di{h^.^kj)) = 
XiC{h^.^kj)- This leads to restrict the definition of an eventual £ to terms hj^f^ such that (74, ki) ^ 
(0, 0) for all 1 < i < d. In addition, for a fixed (7, fc, a) G Z x N x N with a > max(7, k) + 1, it 
arises in the development of {d/dx)"{x'^{logx) ) some monomials with negative exponents. As we 
have said in the previous paragraph, the second formula in H3.4() (and hence in (|3.12p ') is not valid 
for terms h^fi with 7 E Z<o. For these reasons, we can define the Laplace transform C only for 
terms h^^k with (7,^) £ (K \ if x N'^. 

For f{x) = EaeN^a-aX-^ + EaeN^ a^^- e K[[x,^]\ and (7, A;) G {K \ Zf x N^ we define 
^(/(^)^7,fc) as follows: 

mix)h^,k) = E "-ii n ^iih-a,+'y,M) + E °ii n ^ii^o^^+'y^M)^ 

Qgpjd l<j<a! oeN"* l<i<d 

where £j denotes the Laplace transform defined in the previous paragraph with respect to the 
variable Xj. It is easy to check, from (j3.4j) and (iii) of Remark 13. 11 that C satisfies the formulae of 
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Explicitly, if we put (7)0 = (7i)qi ■ • • ildjaa and r(7) = r(7i) . . . T{-fd), we get from (|3.11j): 

^( v^,i) =(7Wir(7) x'^'^-i n ( E ^5l^SSL(i°g^^)'')' 

l<i<d ji,i, =0 
— - l<i<d ji/i =0 

Taking into account of (|3.3() . these equalities can be rewritten as follows: 

£(/lT,+a,fc) = (-1)1-1 (7)^+1 r(7) /l-7-a^l,fc 

l<i<d £j=0 ji=0 

(3-13) _ (-l)l^l+l^lr(7)ni<.<.7. , 

'-'\P"^—a^k) / \ 7+fi— lifc 

~ \~1]q_ - 



+ 7^ ^^ X 



i)^ rh)n.,.,.T. ^_,,,_, jj ^^,»,, j; ,<».'.)^_ (,„,,,)., 



l<i<d 4=0 ji=0 

Remark 3.2. By successive Xj-adic formal completions, the formulae ()3.13p show that the Laplace 
transform L extends to injective maps: 

xi KM\ ^ r(7k-^-i K\\^-\l xi K[[-]] ^ r(7k-^-i KMl 

— X X — 

xl K[\x]][\ogx] ^ x'l-^ C[[-]][logx], xl K[[-]][logx] ^ x'l~^ C[[x]][logx]. 

3.3 Arithmetic estimations. Consider the sets 

i?(7^, ai, h) = [r^^^^j^ I Q<i^<KQ<^i< h }, 
i?(7„ -a„ h) = {r^^'l^^^j^ I 0<j^<k„0<ii< h }, 

/5(7„ fci) = {p^3^ I Q<t,<ki}, 
each term 

n E-'S E4S'4(1°S -.)'■' (resp. n EpS. Ee'4o°i5 -.)'*) 

l<i<d£i=0 j,=0 l<i<dli=0 j,=0 

in the right hand side of (|3.13|) is therefore a finite sum (at most a sum of Wi<_i<di^i ~^ ^) terms) 
of terms of the form: 

( n /'O E ( n ^«\)0°g^)-' Pi^piii^h), R^^eR{ji,ai,ki) 

l<i<d \j\<\k\ l<i<d 

(resp.( n /'O E ( n ^-ajaog^)^ Piep{j^,ki), R'l^^eR{^i,-ai,ki)). 

l<i<d \j\<\k\ l<i<d 

On the other hand, by (|3.6|) . for each fixed i, any sequence {un)neN, with Un G R{'~fi,n,ki) (resp. 
Un £ R{li,—n,ki)) for all n G N, satisfies limsup |u„|^'" < 1 for any v € Sj. Moreover, if 

n— >+oo 
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{wn)n>o is a sequence with non-negative integer values such that Wn > n for ah n G N, we have 
hmsup |u„|^'"'" < 1 and hnisup |ii„g|j,''"" < 1 for any fixed index no and any v G S/. Combining 

n— >+oo n— >+oo 

these remarks, with the properties of elements of R{'yi,±n,ki) (formulae H3.6|) and (jXH)), we can 
say that, for any v £ T,f, we have 

lim sup I I 

I^H+°° i<i<d 



n- |l/|a| 
Ra^ < 1, for Roi G Rill, oii,ki), i = 1, . . . ,d 



(3.15) ^., 

resp. limsup I I R''lai ^1' fo'^ ^-q, £ -^(Tj) — ««) ^j)i i=l,...,d\. 



|a|^+oo 



l<i<d 



Remark 3.3. According to (ii) Remark h. II if 7 G (Q\Z)'^, the denominator of Y[i<i<d R'^^i (I'ssp. 
Y\i<i<dR'-a) h^s ^^ exponential growth in \a\. 

The arithmetic properties of the new C are based on the following Lemma which generalizes a 
well known identity in the p-adic analysis. 

Lemma 3.4. Let v G Sj. Suppose that 71, ... ,7,^ are (non-liouville) elements of K n Zp^^y-^ \ Z. 
Then 

(7)a+l 



l/\a\ 

= TTv 

V 



lim 

|a|^+oo 

In particular, for d = 1 we have the well known identity lim |(7i)Q:ilt, = t^v 

Proof. Combining the formulae 7, 12 and 14 of jHI, we find that, for any i = 1,. . . ,d, there exist 
two real numbers Cj , e[ such that 

I / \\ai/(p(v) — l) 

\piv)\v < hi (7i)(a,+i)k < (a- + l) ' ^"^ "* ^ 



Thus, 



Pl-^jk -- Ml 7i < |(7)a+lk < I I 7 

l<i<d l<i<d ^ 

for any a G N . Hence, the lemma results from the fact: 



(y)\\!l\/iPiv)-l) 



Eeilog(l + ai)\ < d max(l, |ei|)log(l + \a\). 

D 



l<i<rf 
l<i<d 



Proposition 3.5. Let w G Sj and f = X^qgN'' ^aX— G Er[[x]]. Assume 7 G (Q fl Zp(^) \ Z)'^. Then 
there exist power series f-y^kj G C ®k T^v^if) {'resp. f ^ ■ G C 'SSir '^i(/))) |j| < \h\, which satisfy 
the following conditions 



c[fh^_^^=x-i-^ni) E /7,fc,i(^)(iog^)^ 



lil<|fc| 
(^•1^) / /ix X 



lil<|fc| 
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with fj^k^kf!^^^^^ ^ such that r^{f^^k^k) = r^{f)7r-^ {resp. r^{f!^^k,k) = '^v{f)T^v)- U fhj^k {resp. 
fix)^i,k) *'' solution of a differential equation (f> of K[xi, . . . ,Xrf,9i, . . . ,dd], then C{fh^^g) ( resp. 
^(/(;j)^7,fc)) is solution of T {(f)). 

Proof. The formulae (|c{.16jl follows by combining the formulae (|3.13|) . H3.14|) . (|3.15|) . and Lemma 
13.41 The last statement results from (|3.12() . D 

3.4 Laplace transform and arithmetic Gevrey series. In this paragraph, we shall explain 
the action of standard Laplace transform in several variables on the arithmetic Gevrey series. Let 
first give the definition of these power series: 

Let (oq) be a sequence of elements of K. Consider the following conditions: 
{Ai): for all a = {a\, . . . ,ad) € N , there exists a constant Ci £ M>o such that Oq, and its 

conjugates over Q do not exceed Cp in absolute value; 
{A2): there exists a constant C2 G IR>o such that the common denominator in N of {oa, \g\ < n} 
does not exceed 6*2^ . 
Definition. An arithmetic Gevrey series of order s € Q is an element / = X^^gp^d OaX— of -f^[[x]] 
such that the sequence {{al)^^aa)a satisfies the conditions (Ai) and {A2). 

The power series / = XlagN'' '^aX— is called a G-function (resp. an E-function) if it is an arith- 
metic Gevrey series of order (resp. of order 1) which satisfies the following holonomy condition: 

{H): f is rationally holonomic over K{x)., i.e the K(x)/-fC-differential module generated by 

[D—f)a&i<i is a if (x)-vector space of finite dimension. 
We conserve the Andre's notations in Jj, and we denote the set of all arithmetic Gevrey series 
of order s G Q in several variables, with coefficients in if, by K{x}g. Also, we set 

NGA{x}: = { J2 fi,khj,k\fj,keK{x}s, (7,fc)G(Q\Z)^xN'^}, 

finite sum 

NGA{-y = { Yl hhK^ 4fcGif{-|, (7,^)G(Q\Z)'^xN'^|. 



.X ) s 

finite sum 



The elements oiNGA{x\*g (resp. NGA\ - \ ) are called Nilson-Gevrey series at (resp. at infinity) 
of order s. It is clear that these two latter sets are if -vector spaces. 

The following result expresses how the Laplace transform £ acts on these if -vector spaces. 

Proposition 3.6. The Laplace transform C induces the following injective K-linear maps 

NGA{xY, ^C0K NGa{ -Y , 

IXJ s+l 

NGAi-Y ^C^kNGA{x}*. 

Ix ) s+l 
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Proof. This follows by combining formulae (|H.l,'-{j) . (|H.14j) . Lemma mi and Remark I,'-?., SI D 

4. Formal Laplace transform 

4.1. Review of the one- variable case. In this paragraph, we recall the formal Laplace transform 

in one variable introduced in 10, §5]. This formal transformation allows to avoid the transcendental 

coefficients as those arising in the Laplace transform seen in the previous section. Moreover, 

this transformation has properties of commutations with derivation and therefore sends a basis of 

logarithmic solutions at (resp. at infinity) of a differential equation (p E K[x,d/dx] to logarithmic 

solutions at infinity (resp. at 0) of J^t{4>) (for any t (z K \ {0}). 

Let z^ be a positive integer, r an element of K \ {0} and A an i/ x i/ matrix with entries in K 

such that all their eigenvalues belongs to K\Z. Then x is a matrix of GLu{K(x^' , log x)) which 

satisfies 

— (x^)=Ax-^x^ = Ax^-^-^. 
ax 

For any integer /U > 1 and any fi x u matrix Y{x) = Y^nL-oo^i-^"^ with entries in i^[[2;, 1/x]], we 
define the Laplace transform of f := Y{x)x , with respect to A and to r, by 



(4.1) £X(^(^)^^) = A( E >^nX^+"'^):= Yl ynCA,rin)x- 



n=~oo n=—oo 

where CA,r: ^ -^ Ghn[K) is defined by the following conditions 

'r-"(A + n%){K + (n - 1)1^) • • • (A + I^) si n > 1, 
Ca,t("') = < Ii/ si n = 0, 

j-"A-i(A - \)~^ • • • (A + (n + 1)1^)-^ si n < -1. 

Notice that Ca,t; with these properties, satisfies 

(4.2) CA,,(n)C_A,,(-n - 1) = (-1)"+VA-\ 
The transformation C\ has the following formal properties jlll 5.1.1]: 

(4.3) /:La(A(/)) = -tY{-x)K-^x^, a(£) = rxCl{f) et Cl{xf) = -^^A(/)- 

Moreover, if /i = 1 and if the entries of / are solutions of a differential equation (j) £ K[x,d/dx], 
then the corresponding of C\{f) are solutions of Tt[4>)- 

4.2 Arithmetic estimations. Let u be a finite place in Sj. For any matrix M with entries in /C, 
we denote by ||-/Vf||^ the maximum of the w-adic absolute values of the entries of M. Let A € GL,y(Q) 
be an invertible matrix such that all its eigenvalues lie in Q n {'^pM \ ^)- Iii this paragraph, we 
give upper and lower bounds of C\,r{n) with respect to the norm ||.||^ for any n € Z. 

Lemma 4.1. Let A € GL^(Q) with eigenvalues 71, ... ,7s in Q n (I'pty) \ Z) (s < u). Then, there 
exist two positive real numbers ci , C2 such that for any n > 1 

(4.4) ci max {|r""(7j + 1)„|^} < ||CA,T(n)||^ < C2n''~^ max {|r~"(7j + 1)„|^}. 
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In particular, 



lim ||CA,.(n)||y" 



|tL, 7r„ 



Proof. Since the eigenvalues of A are all rational numbers, there exists U € GL„(Q) such that 
the product A = U^^AU is in Jordan form. Let put Ca,t = U~^Ci^^rU . Thus, there exist two 
positive real numbers co,ci, such that ci < ||Ca,t("-)/C'a,t(^)||i) ^ cq for all n G Z. In addition, 
the matrix A is a block diagonal matrix with blocks Ji = 7iljy^ + A'^i, . . . , J^ = ^s\s + ^s on 
the diagonal (with vi + . . . + Vg = v and Ni, . . . ,Ns are nilpotent matrices). Hence, for any 
n G Z, Ca.tI'i-) is a block diagonal matrix with blocks Cj-^^T-{n), ■ ■ ■ , Cj^^r{n) on the diagonal and 
IIC'AjtI^)!!!) = maxi<j<s ||Cj^.^t-(^)||d- One the other hand, for j = 1, . . . , s, we have {NjY = and 
for any n > 1, 

n 

(4-5) ^_i 

t=i i<i-i<-<it<n wj I ly V /J I t; 
Now, for any integer £ > 1, the sum 7^- + £ is a rational number for which the absolute value of 
numerator (in the usual sense) is bounded above by 9ji^ for a constant 9j > which only depends 
on 7j, and for which the denominator is prime to p. We deduce \jj + i\v > {0ji)~^ for any £ > 1 
and hence, the decomposition 1)4. 5() implies, for any n > 1, 

\t-^{jj + 1)„|, < \\Cj^,r{n)\U < (%n)"^-V""(7j + l)n|.. 
The left inequality results from the fact that all the elements of the diagonal of Cj.^-r{n) are equals 
to T~^(7j + 1)„. This last observation gives det Cjj.^t-("') = t^'^'^^^jj + l)n and detCA,T("') = 
detCA,r(n) = r~""ni<j<.(7, + l)n • Thus, 



<j<s 

and therefore 



max {|r-"(7,- + 1)„|4 < ||CA.r(n)||. < n^"^ max {O"/ V""(7i + l)nl4, 



(4.6) ci max{|r "(7^- + l)„it,} < ||CA,r("-)||t, < cqu" ^ max 9"-' max{|r "(7^- + l)„|t;}. 

Hence, putting C2 = cq maxi<j<s ^-^ , we get (|4.4|) . and therefore, by Lemma E31 the last state- 
ment of Lemma l4. II D 

Notice that, for any matrix Y € Gh^{Ky), we have 

(A7) iiyii~-^ < iiy^-*-!! < I det "n~-^llyl^^-'- 

v^• ' / II \\v — IM III) — I '-iCL J 1^ \\1 11^ 

Indeed, the relation I^/ = YY^^ implies 1 = \\Iu\\v ^ ll^llfil^ ""^Ik which gives the left inequality 
above. The right inequality comes from the formula Y~^ = (det Y)~^ Adi{Y) where Adj(y) denotes 
the adjoint of Y. Now, by (|1T|) . if Z G GL,^{Ky), we have 

(A R\ IIVll I riot 71 117111^*^ <r IIVll Il7^1|l^l <r WV 7\\ ^ WVW II 711 
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Lemma 4.2. Under the assumptions of Lemma \4-1\ There exist two positive real numbers 03,04 
such that, for any positive integer n > 0, we have 

C3(n+l)-(i-^)V|-«(max{|(7,+lWi|.})-(^-^)'| H ("T, + l):Viir' 

1<7<S -'■-'- 

l<j<s 

(4.9) < ||CA,,(-n)||, < 

C4(n + l)(-i)^|rr(max{l(7, + l)n+i|4r'l 11 (-^J + ^)n+i\v\ 

1<7<S ■*■-'- 

l<j<s 

where 71,..., 7^ are the distinct eigenvalues of A with multiplicities respectively ui,...,Vs- In 
particular, 

lim ||CA,.(-n)||y" = |TU-i. 

n— >+oo 

Proof. The Lemma (|4.1j) applies also for —A instead of A since the eigenvalues of —A belong also 
to Q n (Zp(t,) \ Z). Then, there exist two positive real numbers c'^,C2, such that, for any integer 
n > 0, we have 
(4.10) 

c'l max {|r-("+i)(7, + l)„+i|4 < ||C_A,,(n + 1)||, < ^(n + lY"^ max {|r-("+i)(7, + l)„+i|4. 

On the other hand, we have det C_a,t("' + 1) = t^^'^^^'>^ Wi<j<s{~1j + l)n+i (^^^ proof of Lemma 
HTTTl . and by dH!)), CA,r(-n) = rA"i(7_A,T(n + 1)"^ Applying (HH) and (jHZI) with Y = K'^ and 
Z = C-^A^r{n + 1)^^, we get 
(4.11) 

||A-i||„||C_A,.(n + l)|l-(i-'^)'|detC_A,.(n + l)|r2 < ||A-iC_A,r(n + 1)"^. < 

<i|A-i||„||C_A,r(n + l)||rVetC_A,r(n + l)|-^ 
Replacing now det C_a,t('^ + 1) with its value in ()4.11|) and using 1)4. 1U() . we get 

lr|,||A-i||4c'2(n +1)^-1 max {|r-("+i)(7,- + l)„+i|4)-^'-''^V-^"+'^'^ H ("7. + l):Viir' 

l<j<s 

< \\CA,r{-n)\U< 
\TU\\A-%ic',{n + ly-' max {|r-("+i)(7,- + l)„+iI4)^-V-^"+'^^ H (-7.- + ^^n+i^^'' 

l<j<s 

or again 

\TaA-%{c',{n + 1)^-1 max {|(7, + l)„+i|4)-('-^)' 1 U (-^0 + l)nViir' 

l<j<s 

< ||CA,r(-n)||, < 
|T|::i|A-^||.(c'2(-n - ly-' max {|(7, + l)n+i|4)^-^I H ("7. + ^)Zi\v'- 

Putting now C3 = ||A~^||^(c2)~''^~'^^ and C4 = ||A~^||„(c2)'^~^, we get ()4.9() and, by Lemma ITU we 
obtain the last statement of the Lemma. D 
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4.3. Formal Laplace transform in several variables. Let r = {ti, . . . ,Tci) G {K \ {0}Y and 
let A = (Ai, . . . ,Ad) G {GLi^{K))'^ such that the matrices Aj mutually commute and such that all 
the eigenvalues of Ai, . . . , A^ are in K \Z. Put 

x-:= x^^ ...x/, and al„ := {ail„ , . . . , adlu) ■ 

For any integer /x > 1 and any fix i/ matrix Y{x) = J2aeN^u(-N)'' ^aX— with entries K[\x, 1/x]], we 

define the Laplace transform of f := Y{x)x— with respect to A and to r as follows: 

(4.12) 

4(y(x)xA)= Yl Y^ U ^K^t'^"'") = E y^ U CA.,rMK'''-^'"^'^'-' 

aeN''u(-N)d l<i<d agN''u{-N)<* l<j<d 

= E ^^ n C^.,rM)x~^~(^^^^^^ 

aeN'*U(-N)d l<i<d 

=( E ^^ n c^.rM)^-^'")^-''-'^ 

= ■■ zx{x)xr-~^^ ■ 

This definition has a sense, since, by construction, all the matrices C/\_.^ri{cei) mutually commute for 
all a. In addition, according to formula ()4.3|) . we check easily that this Laplace transform commutes 
with the derivations in the following sense: 

(4.13) 4(5^(/)) = r^x^Clif) and Cl^x^f) = iz2^5^(£^(/)), for any ^ G N^ 

where r^ = rf ^ . . . r^'* . This leads to state 

Proposition 4.3. Assume that ^ = 1 and that all the entries of f are solutions of a differential 
equation 4> G K[xi-, ■ ■ ■ ,Xd,di, . . . ,9^]. Then, all the entries of Cjj^f) are solutions of J^r{cl)). 

According to the notations above, we set 

^ia=Y-a n C'A.,r.(-a^), for ah a G N'^ U (-N)^ 

l<i<d 

SO that 

ziix) = Y. ^i^^~^- 

The formal transformation £^ has moreover the following arithmetic properties: 

Proposition 4.4. Let v be a finite place in T,f. Under the assumptions above, assume that the 
matrices Ai, . . . ,Aii belong to GL,y(Q) and that all their eigenvalues are in QO 'ZpM \ Z. Then 

lim<^nnllZ- ll^/l— I < tt^-*- l-rl lim tjiin IIV ||l/l^l 
inii bup ||Z/y^ ^ IIj, ^ /i^ |_/_|t, nm blip II 1 — Q 11^ , 

|a|— >+oo |a|-^+oo 

and 

limsup |I^X,-«liy'-' < ^^Izl,;^ limsup ||ya||y'-'- 
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Proof. This follows from the fact \\ZfJU < \\Y-a\U Ul<^<d l|C^A„r,(-ai)lk for any a G N'^U(-N)^ 
and from Lemmas 13.41 14.11 and 14.21 D 
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